Abstract-Rare earth permanent magnet synchronous machines with the pulsewidth modulated supply are exposed to magnets' heating due to harmonic fields, which rotate in relation to rotor. In cases when skin effect is negligible, the corresponding eddy-current losses in magnets can be reduced by segmentation of magnets. In this paper, we propose an analytical method to evaluate the effect of both circumferential and axial segmentations on losses' reduction in various conditions, concerning the skin effect. With the skin effect operating, the magnets' division may lead to increase rather than decrease of the eddy-current losses. A criterion to determine range of parameters leading to this unexpected situation is presented. Finite-element calculation confirms the results of the analysis.
ferential or axial) segmentations of PM when looking for loss reduction. The reported analytical techniques to evaluate the eddy-current losses, for the cases when skin depth at the frequencies of interest is greater than both pole-arc and radial dimensions of magnets, were validated by 2-D time-stepping finite element (FE) analysis [2] , [3] , and by 3-D magnetostatic FE analysis [4] .
However, the condition that "skin depth is greater than both pole-arc width and radial height", is not always satisfied. Out of the concerned range of parameters, PM segmentation may increase rather than reduce the eddy-current loss. We will call the unexpected deviation of this rule the "anomaly of segmentation."
Recently, the anomaly with respect to axial segmentation has been shown in [5] for interior PM motor, using 3-D timestepping FE-nonlinear analysis with very important calculating time. To explain these results, authors introduced complicate theoretical solutions of the eddy-current losses in thin conductor, when the uniform magnetic field is applied. When the skin depth δ is large enough in relation to the width w and the length l of magnet segments, an approximation was made to obtain a simpler equation of losses, which represents the reduction of losses with respect to axial magnet divisions. However, we estimate that it is still rather complicated and we need numerical calculation to comprehend the effect of magnet segmentations.
On the other hand, when δ is much smaller than w and l, another approximation was given to represent the increase of losses with respect to magnet divisions. By observing the results, authors determine that the eddy-current losses become maximum when the length of conductor is nearly twice of the skin depth.
In our paper, a surface-mounted PM synchronous machine with 72 stator slots fed by pulsewidth modulated (PWM) voltage supply is designed with quasi-sinusoidal winding distribution. The harmonics analysis is concerned with the time harmonics of order 5 and 7, 11 and 13, 17 and 19, etc. The magnets' surface per pole has dimensions 70 mm × 250 mm.
In case of nonsinusoidal supply, the eddy-current losses cannot be given by scalar summation of separately predicted losses for each harmonic. As a matter of fact, the "relevant harmonics," e.g., the 5th and the 7th (or the 11th and the 13th) time harmonics induce in rotor the eddy currents with the same 6th (or 12th) harmonic frequency, but in opposite directions (−6ω and +6ω or −12ω and +12ω). Superposition of individual loss may differ substantially from losses dissipated by composed fields [6] .
Instead of superposition of losses separately resulting from the two relevant harmonics, in this paper, we will first calculate the composed flux density, and then, evaluate the corresponding losses.
The aim of this paper is to determine by simple criterion the range of parameters within which the anomaly of PM segmentation can take place. In other words, only out of this range, we can try to optimize the PM segmentation in both the circumferential and axial directions. The analytical predictions of the eddy-current losses with effect of magnet segmentations are validated by 3-D FE harmonic analysis with locked rotor technique, taking about 1 h for personal computer (PC) calculation, the time amount largely inferior when compared to that reported with time-stepping method.
II. EDDY-CURRENT LOSSES IN CASE OF NEGLIGIBLE SKIN EFFECT

A. Traditional Analytical Model
An analytical model (1) of the eddy-current loss per unit volume P v [1] , [7] , [8] , often applied to laminated steel, can be used to explain the idea of PM pole-arc segmentation for reducing eddy-current loss.
where ρ is PM resistivity, w is pole-arc width of PM segmentation, B m is maximum instantaneous flux density in magnets, and f is its frequency. It shows that the eddy-current losses per unit volume are proportional to square of the width w. The losses diminish when the magnets are divided into smaller segments. In (1), following assumptions are used.
1) The width w is less than the skin depth so that the skin effect can be neglected. 2) The magnetic flux density B is homogeneous over the PM width.
3) The width w is much smaller than the PM segmentation length l, so that end effect can be neglected. However, all these three assumptions are not necessarily fulfilled in an actual machine. For example, the widths of magnet segments between 10 and 70 mm, which is the case of our industrial application, may be greater than the skin depth of interest, and the flux density resulting from stator currents cannot be considered homogeneous over a large width of magnet (e.g., 70 mm, covering about 1/3 of one pole), even if the skin effect could be neglected. In fact, the flux density is sum of sinusoidal functions of time and mechanical angle θ m
where B h is magnitude of harmonic flux density, hω and φ h are its angular frequency and phase angle, and p is pole-pairs number. Besides, magnets being rarely in elongated form, the widths are often comparable to the lengths. We should note that the assumption of homogeneous B can be valid, in any case, only when the skin effect is negligible. Therefore, we should, at first, determine the range of parameters, in which not only the skin effect can be neglected, but also the B can be considered as homogeneous.
The homogeneity of the B can be assumed whenever the magnet dimension is less than 2δ. For the sake of development that follows on the flux homogeneity along the tangential direction, we will consider only two (out of three) geometric cases of the segments: 1) thin both in length and width; and 2) thin in width.
B. Conditions for Assumption of Homogeneous Flux Density
With both half the width and half the length of segmentation (see Fig. 1 ) less than the skin depth of interest δ (a: w/2 < δ and l/2 < δ), or with only half the width less than the skin depth and the width much less than the length (b: w/2 < δ and w l), we can consider the skin effect negligible in magnet segments. In these conditions, the sinusoidal induction can be replaced by the stepwise distribution issued from substitution of actual flux value
by its approximation
with r is radius of rotor in bottom of the magnets, ∆θ = 2π/3N θ p, N θ is number of pole-arc segments over the PM covering 2/3 of one pole. In this way, we assume a homogeneous B within each magnet segment, an approximation that has been verified both for unique harmonic +6ω or −6ω, and for the composed one (+6ω ∧ −6ω). We can note that the condition to neglect skin effect is more strict than N θ > 2 for our studied machine. In other words, when the skin effect is negligible, the assumption of homogeneous flux density over magnet segment can also be established. Under this condition, we can evaluate the effect of PM segmentations on the reduction of losses.
C. Reduction of Eddy-Current Losses by Circumferential and Axial Segmentation
Consider a PM segmentation with width w and length l (see Fig. 1 ). We assume that the eddy currents circulate in paths in rectangular form with a fixed ratio between width and length (w/l). Time-variant flux density B induces voltage e in one of these paths, 1, 2, 3, and 4 (see Fig. 1 )
where S being area closed by the path, 1, 2, 3, and 4 is given by 2x × 2y = 4l/wx 2 with x/y = w/l, the flux density B is vector sum of all its harmonic components (2) and α k is center of the kth segment. Resistance R of this path is given by
where h is the radial height of magnets and dy = l/wdx. Thus, differential power losses are as follows:
The instantaneous eddy-current losses in magnet segment can be obtained by integrating x from 0 to w/2
where VOL being volume of the magnet segment is given by w × l × h.
In order to obtain the average losses in one period, we must calculate the rms value of deviation of the flux density B. When calculating the rms value of a sum of several sinusoidal functions with different frequencies
we obtain
It means that we can separately calculate the rms value of the components with different frequencies (e.g., f 6 and f 12 ), and then, get the integral rms value by root square summation. However, this does not work for the "relevant harmonic" components rotating with the same frequency in opposite direction. The integral rms value of f 6 , composed of two components with the same frequency (e.g., f 6A and f 6B , the indexes A and B for opposite direction of rotation), dependent upon their phase difference (e.g., AB cos(θ A − θ B )), cannot be obtained simply from their own individual rms values (e.g., 1/2A 2 and 1/2B 2 ). In such cases, we should calculate the vector sum of the two flux density components with the same frequency, and then, evaluate losses due to the composed flux density, as has been shown in [6] . Taking the harmonics 6ω, for example, the composed flux density is as follows:
where B +6 is flux density magnitude and ϕ +6 is phase angle of the +6ω component, B −6 and ϕ −6 are those of the −6ω component.
The time average eddy-current losses in single magnet segment due to the relevant time harmonics become P ind k 6 = VOL 16ρ
(12) Thus, the time average eddy-current losses in magnets of one pole are as follows:
with w = W/N θ and l = L/N Z , W is total pole-arc width of magnets on one pole, L is total axial length of magnets on one pole, N θ is number of pole-arc segments, N Z is number of axial segments.
We have proved that the function F/N θ in (13) is quasiindependent of N θ for N θ > 2 (see Fig. 2 ), but it depends on the phase difference between two relevant harmonics (ϕ +6 − ϕ −6 )/2. Equation (13) can be generalized for any rotor related harmonic through replacement of the coefficient 6 by 6m, m = 1, 2, . . ..
The eddy-current losses are proportional to w 2 /(1 + (w/l) 2 ). Comparing to the traditional analytical model (1) with only w taken into account, we consider magnets in any rectangular form, with both dimensions w and l explicitly engaged (see Fig. 1 ). In the contrary to the equation proposed in [5] , this relationship is simple and clearly represents the effect of circumferential and axial segmentation on the eddy-current losses.
In short, to exploit (13) for eddy-current losses prediction, we should:
1) determine skin depth δ; (13) is independent of N θ , which implies that the term between parentheses is also independent of N θ .
2) determine the parameter range where skin effect is negligible (w/2 < δ and l/2 < δ) or (w/2 < δ and w l); 3) in these cases, apply (13) to evaluate eddy-current loss reduction due to PM segmentations. Whenever the skin effect is operating, the analytical model (1) and (13) are inappropriate. The skin effect leads to nonhomogeneous flux density and lowers the total flux passing through the magnets. We will discuss in Section III influence of the skin effect on the efficiency of PM segmentation to reduce the eddy-current losses.
III. EDDY-CURRENT LOSSES IN CASES OF THE SKIN EFFECT OPERATING
A. High-Frequency Eddy-Current Losses
A useful formula (14) for high-frequency losses (10 kHz with δ = 0.078 mm, for lamination thick 0.356 mm) has been reported in [8] to evaluate the eddy-current losses in laminated steel when skin depth δ is much less than (actually at least 5 times smaller) the material thickness.
where H tan is the peak tangential incident magnetic intensity and R s is the surface impedance in ohm per square given by 1/δσ. It shows that specific eddy-current losses per tangential surface are independent of material dimensions. We apply this formula for losses in magnets, S being given by 2 × (l + w) × h. Thus, the eddy-current losses per unit volume are as follows:
When diminishing the width or/and the length of magnet segments, the eddy-current losses increase. These are conditions of unexpected deviation from the classical rule of segmentation, which states that the eddy-current losses in magnet diminish as we proceed with its division. Actually, they can rise. We call it the "anomaly of segmentation."
B. Any Frequency Eddy-Current Losses
A general formula has been presented in [9] for any frequency, but only for conductor in elongated form with w l
where B s is peak of surface flux density and µ is magnet permeability. According to this equation, when diminishing the magnet's width w, the total eddy-current loss will increase at first, and then, decrease. This confirms both "anomaly of segmentation" and the classical reduction of the losses with magnet segmentation.
Using this equation, we can detect maximum eddy-current losses with respect to PM circumferential segmentation, i.e., "peak of eddy-current losses." This peak separates two situations: 1) segmentation of PM increases the eddy-current losses; and 2) segmentation of PM reduces the eddy-current losses. However, under the condition w l, only the circumferential segmentation effect can be taken into account.
C. Impact of the Circumferential and Axial Segmentation on the Location of the Peak of Eddy-Current Losses
The aim of this section is to find out a simple criterion to detect the peak of eddy-current losses with respect to circumferential and axial segmentations. We begin with analyzing distribution of flux in conduction area with skin effect.
The flux density in the magnet's volume (see Fig. 1 ) can be represented as a function of the pole-arc coordination x with B s being the flux density on the magnet's surface
This can be obtained from the diffusion equation ∂ 2 H/∂x 2 = (µ/ρ)(∂H/∂t) with the linear law B = µH [9] .
The flux passing through the surface (w × l) of the conducting area is given by
(18) With the ratio w/2δ much less than 1 (skin effect negligible), we can consider the flux density within the magnet's volume as homogeneous and equal to the surface flux density B s . On the contrary, with w/2δ higher than 1 (skin effect operating), the skin effect prevents homogeneous penetration of magnetic flux into the conduction area. The flux density is higher in proximity of two edges at x = w/2 and x = −w/2 than in the center at x = 0 [see Fig. 3(a) ]. For w/2δ ≥ 2, we can approximate the total flux by
In other words, when the skin effect is important, we can model the nonhomogeneous flux density by two bands of homogeneous flux density with thickness δ √ 2 and magnitude B s [see Fig. 3(a) ]. We call them "dissipation bands" because most of the eddy-current losses are in these two areas.
With the number of the pole-arc segments N θ = 2, if half of the segment width is still much greater than δ, number of dissipation bands will become double, as well as the eddycurrent losses [see Fig. 3(b) ].
Considering model of Fig. 3 , we can predict the existence of a simple criterion to estimate location of the peak of eddy-current losses with respect to circumferential and axial segmentations of PM
This is the generic condition to assure "absolute nonhomogeneity" of the flux density, which permits to model the skin effect by two bands of homogeneous flux density. In other words, it is the limit to authorize the approximation of (19).
IV. FE SIMULATION
3-D harmonic FE analysis has been used to validate the proposed prediction technique. Only one of the six pole-pairs in studied PM synchronous machine has been modeled, with periodic boundary conditions in θ direction (see Fig. 4 ). In Zdirection, with aid of periodic boundary conditions, we can model part of machine corresponding to one magnet segment length, (e.g., 25 mm when number of axial segments N z = 10), instead of the entire length of machine (250 mm). The PM covers only 2/3 of a pole-pair arc. Since the analytical method does not consider losses resulting from variation of magnet working point due to stator slot opening, its results can only be compared with those from FE calculation with the magnets unmagnetized and modeled as simple conductor. The ignored contribution, however, can frequently be considered as negligible.
To overcome time-consuming problem of 3-D time-stepping FE analysis, the locked rotor technique is applied. We determine the harmonic frequency of stator currents so that harmonic MMF rotates around the locked rotor at correct relative angular velocity, e.g., 6ω (1800 Hz), 12ω (3600 Hz), 18ω (5400 Hz), etc.
Three groups of relevant harmonics, inducing eddy currents at 1800, 3600, and 5400 Hz are discussed. In this section, the stator current density is assigned the value of 1 A/m 2 and the losses are calculated for one pole-pair, the actual eddy-current losses being proportional to product of the square of stator current density and the pole-pair number.
At 5400 Hz, the skin depth δ being 6.2 mm, the peak of losses versus the axial segmentations, when keeping N θ = 1, locates at N z = 11 where l/2δ = 1.8 (see Fig. 5 ). Axial segmentations enhance at first, and then, reduce the eddy-current losses. Similar phenomena can be found with circumferential segmentations. For example, for N z = 1, the peak of losses locates at N θ = 4, where w/2δ = 1.4 (see Fig. 6 ). Therefore, when observing effects of segmentation on losses, we note (see Fig. 6 ) that within this range of parameters, N θ ≤ 4 and N z ≤ 11 at 5400 Hz, circumferential and axial segmentations cannot lead to expected reduction of losses in magnets.
At lower frequencies, the skin effect being less remarkable, the range of parameters, within which the anomaly of PM segmentation takes place, is reduced. For example, at 3600 Hz (see Fig. 7 ), the range is N θ ≤ 3(w/2δ = 1.5) and N z ≤ 10 (l/2δ = 1.6) and at 1800 Hz (see Fig. 8 ), it is N θ ≤ 2(w/2δ = 1.6) and N z ≤ 7(l/2δ = 1.7).
The results of our FE calculation give rather satisfactory matching for theoretical approximation by four of the ratio of the segment width (or length), and the skin depth as presented by (20). We note that the value four is double of the value reported in [5] on the basis of complex formulae applied to 1-D segmentation. Fig. 8 discloses that the segmentation in the direction of magnet's minimum dimension over the surface perpendicular to flux direction, i.e., circumferential (pole arc) direction is more efficient than the axial one.
As a matter of fact, we note (see Table I ) that the drop of losses between 10 × 1 and 10 × 3 cases is very small. Such a segmentation doesnot enhance significantly the resistivity of the circuits of induced currents under the total flux variation, which may be considered unchanged. Quite different a situation is there with the segmentation executed along the shortest dimension.
In cases when skin effect can be neglected, e.g., at 1800 Hz for N θ = (4, 5, 6, 10) and N z = 1, or for N θ = 10 and (1, 3, 6 ), we can compare prediction of the effect of circumferential and axial segments by the ratio w 2 /(1 + (w/l) 2 ) in (13) with results by FE simulation (see Table I ). Taking the case with four pole-arc segments and one axial segment as base value of the eddy-current losses, the effect of segmentations for reduction of losses is represented by a ratio less than 1.
The diminishing of the losses with segmentation growing is more pronounced with analytical formula (13) than with FE calculation, the difference reaching 18% (see Table I ). We think the analytical formula (13) slightly overestimates this dynamics.
For magnets working far below their Curie point (about 800
• C for SmCo family), the permeability value of 1.1 can be taken as constant. Then, the temperature dependence of magnet resistivity can influence our conclusion in case of growing temperature, pulling back the peak of the losses toward diminishing number of segmentation.
V. CONCLUSION
In cases when the skin effect is negligible, any circumferential or axial segmentations of magnets always leads to reduction of eddy-current losses. Otherwise, we should count with enhancement of the eddy current dissipation for certain schemes of magnets' division, followed by classical reduction of the eddy-current losses when proceeding with further subdivision.
A simple criterion has been proposed to detect the geometries of PM segments corresponding to the point of maximum eddycurrent losses.
The analysis concerning one frequency on the rotor side, it can be applied to one pair of stator harmonics, which generate this frequency, e.g., 5th and 7th generating the 6th in the rotor's magnets. Whenever higher harmonics are also relevant, we can easily conclude on a compromise on actual subdivision rule.
An efficient way of the FE verification is the locked-rotor method with its simpler modeling and less computational strains comparing to the time-stepping procedures.
The validation within an actual machine must be preceded by a satisfactory solution of the problem of separation of losses in magnets and in laminations. We are working on it both algorithmically and by FE. Experimental validation that should then follow will be an important challenge, not least of which is availability of different segmentation systems mounted on the rotor surface.
